This paper presents a mathematical model of the oxygen alveolo-capillary exchange to provide the capillary oxygen partial pressure profile in normal and pathological conditions. In fact, a thickening of the blood-gas barrier, heavy exercise or a low oxygen partial pressure (PO 2 ) in the alveolar space can reduce the O 2 alveolo-capillary exchange. Since the reversible binding between haemoglobin and oxygen makes it impossible to determine the closed form for the mathematical description of the PO 2 profile along the pulmonary capillaries, an approximate analytical solution of the capillary PO 2 profile is proposed. Simulation results are compared with the capillary PO 2 profile obtained by numerical integration and by a piecewise linear interpolation of the oxyhaemoglobin dissociation curve. Finally, the proposed model is evaluated in a large range of physiopathological diffusive conditions. The good fit to numerical solutions in all experimental conditions seems to represent a substantial improvement with respect to the approach based on a linear approximation of the oxyhaemoglobin dissociation curve, and makes this model a candidate to be incorporated into the integrated descriptions of the entire respiratory system, where the datum of primary interest is the value of end capillary PO 2 .
Introduction
Starting from the approach proposed by Bohr in 1909 (Wagner 1977) , several models of the O 2 exchange through the blood-gas barrier have been published (Wagner and West 1972 , Hlastala 1973 , Hill et al 1973 . In all these works, the O 2 partial pressure profile (PO 2 ) along the pulmonary capillary was determined by means of iterative procedures. In fact, since the mathematical description of the O 2 transport process from the alveoli to the capillaries is complicated by the reversible binding between haemoglobin and oxygen, it is impossible to determine a closed form for the PO 2 along the pulmonary capillaries. As a consequence, in complex models of the human respiratory system (Artioli et al 1994 , Chiari et al 1997 , Khoo et al 1982 , the O 2 partial pressure at the end of the pulmonary capillaries is generally assumed equal to the alveolar PO 2 . This assumption can be considered realistic under normal circumstances, when oxygen exchange through the blood-gas barrier takes about 0.25 s (i.e. about one-third of the total transit time of a red cell) (West 1990 ). However, several factors (pathologies, exercise and unusual environment) can limit the O 2 exchange resulting in a lower PO 2 at the end of the capillary.
In some diseases such as emphysema and interstitial lung diseases, the capillary bed is reduced; therefore the mean transit time may also be less than the normal estimate of 0.75 s diminishing the time available for blood oxygenation. In pulmonary edema and interstitial fibrosis, instead, the blood-gas barrier may be thickened abnormally and the diffusing capacity reduced correspondingly (Wagner 1977) . If the diffusion coefficient of O 2 decreases, oxygen diffusion is impeded and, as a consequence, the rise in partial pressure when O 2 enters a red blood cell is slowed down. In both these situations, blood PO 2 may not reach that of the alveolar gas before the end of the pulmonary capillary.
The diffusion in the lung can also be stressed by a decrease of the alveolar PO 2 , e.g. occurring when the subject reaches high altitude or breathes a low O 2 mixture. In fact, this reduces the partial pressure difference responsible for driving O 2 across the blood-gas barrier. In addition, because of the shape of the O 2 dissociation curve, the increment of PO 2 , for a given increase in blood O 2 concentration, is less than it is in normal conditions. For both these reasons the rise of PO 2 along the pulmonary capillary may decrease and PO 2 may not reach the alveolar value. Moreover, during exercise, the pulmonary blood flow increases, causing pulmonary capillary transit time to fall (Khetarpal et al 1981) . On severe exercise the time spent by the red cell in the pulmonary capillaries may be brought down to as little as one-third (West 1990) , reducing the time available for oxygenation. Despite this, in healthy subjects breathing normal air, the fall in end-capillary PO 2 is generally not measurable. However, if the blood-gas barrier of the subject is markedly thickened by disease or the subject breathes at low O 2 concentration, the difference between alveolar and end-capillary PO 2 is noticeable.
In this paper an approximate analytical solution of the capillary PO 2 profile, useful for simulation purposes, is presented and evaluated in a large range of physiopathological diffusive conditions. The proposed approach makes it possible to calculate the end capillary PO 2 by solving an ordinary differential equation.
Mathematical model
A model of the oxygen transport through the blood-gas barrier has been developed in order to obtain an analytical form of the PO 2 profile along the pulmonary capillaries.
The model is deliberately simple to allow easy integration into more complex models of the respiratory system. The entire pulmonary bed is described as a single unit consisting of an alveolus and a capillary vessel (figure 1). As a consequence the resulting mathematical problem is simplified to a one-dimensional problem. The resulting non-linear differential equation describing the O 2 exchange is solved using a polynomial approximation of the integral term (see the appendix). Simple mathematical calculations permit the value of PO 2 at the end of the capillary and the O 2 uptake to be obtained. 
Oxyhaemoglobin dissociation curve
The oxyhaemoglobin dissociation curve describes how the blood carries and releases oxygen. In particular, it shows the amount of oxygen bound to haemoglobin at various partial pressures of O 2 in blood and is determined by the 'haemoglobin affinity for oxygen'. Several factors can influence the haemoglobin-oxygen binding: in particular, pH, carbon dioxide (Bohr effect and CO 2 effect), organic phosphates (2,3-diphosphoglycerate, or 2,3-DPG), carbon monoxide and temperature. These factors have the effect of shifting or reshaping the 'normal' oxyhaemoglobin dissociation curve. A rightward shift, by definition, causes a decrease in the affinity of haemoglobin for oxygen, i.e. a higher partial pressure is required to achieve the same oxygen saturation. Conversely, a leftward shift increases the affinity, making it easier for haemoglobin to bind to oxygen (West 1990) .
The relation between the O 2 concentration and partial pressure (oxyhaemoglobin dissociation curve) is described fairly accurately by the well-known Hill equation (Cooney 1976 , Spencer et al 1979 :
where n is an adimensional constant (Hill parameter), C sat is the maximum value of the O 2 concentration in the blood and P 0 is the value of P where C = C sat /2. The three constants n, P 0 and C sat are empirically fixed to 2.7, 27.2 mmHg, and 20 ml of O 2 /100 ml of blood respectively (Cooney 1976 ).
Oxygen transfer between alveolar gas and blood
The transfer of gases across the blood-gas barrier occurs by diffusion, from a higher to a lower partial pressure. The diffusion gradient between alveoli and pulmonary capillaries is maintained by ventilation and by blood flow in alveolar capillaries. When venous blood enters the pulmonary capillaries, the difference in oxygen partial pressure is large and oxygen diffuses into the blood and combines with haemoglobin. Along the capillary the oxygen partial pressure in the blood increases, thus reducing the difference with respect to the alveolar oxygen partial pressure. The process of pulmonary capillary O 2 uptake can be divided into two stages: (1) the diffusion of oxygen across the blood-gas barrier and through plasma, where a relatively small amount of O 2 (about 1.5% of volume of O 2 bound to Hb) is physically dissolved (Wagner 1977) , and (2) the diffusion of oxygen into the red cell, where it combines with Hb. In the present work, O 2 diffusion across the alveolo-capillary membrane is assumed to occur only perpendicularly to the membrane itself and all the exchanged O 2 is assumed to be linked with haemoglobin, i.e. the percentage of O 2 dissolved in the blood is neglected. Moreover, the following simplifying assumptions (Bohr hypotheses) are made (Staub et al 1962 , Wagner 1977 ):
• the alveolar O 2 partial pressure (P A ) is constant and uniform;
• the shape and dimensions of capillaries are uniform;
• the flow rate of erythrocytes is constant through all capillaries;
• the diffusing properties of the blood-gas barrier are constant and uniform along the capillaries; • the chemical reaction of O 2 with haemoglobin is instantaneous;
• the chemical interactions between O 2 and CO 2 are partially considered (see section 2.3).
Hence, the oxygen exchange between the alveolus and the capillary is described by the mass balance over a segment of capillary, i.e.,
where P A and P are O 2 partial pressure in alveoli and in pulmonary capillaries respectively, x is the axial coordinate, l is the capillary length and D is the diffusing capacity. The constant Q b is the cardiac output, considered equal to the typical value of 6 l min −1 (West 1990 ) during all simulations, while C denotes the O 2 concentration in the capillary depending on the O 2 partial pressure (as described by equation (1)).
Equation (2) can be rewritten in the form dC dP
where u is the axial coordinate x normalized with respect to l and can vary from 0 to 1. Starting from equation (3) and considering the expression of C (equation (1)), a first-order non-linear differential equation is derived:
Equation (4) can be integrated by separating variables as
where P v represents the pressure at the proximal end of the capillary and g(P ) is equal to
The integral in equation (5) can only be solved numerically. Therefore, to obtain an analytical solution, g(P ) has been divided into three parts and each part is approximated with a different polynomial. In particular, a first-order polynomial has been used in the first part, and two thirdorder polynomials in the other two parts. The number of polynomials and their degree were chosen according to the principle of parsimony, in order to avoid any complexity which does not give a real gain. The piecewise interpolation of g(P ), denoted as g app (see the appendix), is shown in figure 2 . For each segment, the assumed polynomials provide a percentage RMSE between the true g(P ) (equation (6)) and the approximate g app (P) (equation (A1)) lower than 5%. Starting from equation (5) and substituting equation (A1), u(P) can be obtained as
Now the integral term of equation (7) can be solved analytically; the integral has been subdivided into three parts referring to the following three pressure ranges: [0-P max ], [P max -100] mmHg and [100-200] mmHg, where P max is the O 2 partial pressure where the maximum value (g max ) of g(P ) occurs. The mathematical procedures by which u(P) is obtained are described in the appendix. In summary, equations (A4), (A6) and (A13) represent the proposed model by which an algebraic relation between P and u is determined, even though not explicit.
Bohr effect
In order to take into account the influence of a change in carbon dioxide partial pressure (PCO 2 ) on the oxyhaemoglobin dissociation curve (Bohr effect), we used a modified version of the Hill equation proposed by Spencer et al (1979) . Assuming that PCO 2 remains constant through the capillary length, equation (1) becomes equal to
with n 1 = 1/a 1 and
where a 1 , K 1 , α 1 and β 1 are the parameters defined by Spencer (the parameter values are shown in table 1). Substituting equation (8) 
into equation (3), we obtained an expression of g(P)
analogous to equation (6). The final expression of u(P) can be obtained in the same way as shown previously, by replacing P max , P 0 and n with P max , P 0 and n 1 , respectively, where P max depends on the considered value of PCO 2 , i.e. 
8.5099 × 10 −3 -a Haemoglobin content 15 g/100 ml of blood, T = 37 • C (Spencer et al 1979) . b Normal blood at 37 • C with pH = 7.4 (Cooney 1976 ).
In the pathological cases of interest, the proposed simplification of the complete Spencer model is quite good. In fact, we have verified through simulation that the maximum percentage error between the end capillary PO 2 obtained using the modified Hill equation and the end capillary PO 2 obtained using the complete Spencer model is lower than 1.6%.
P e determination
The resulting function u(P) is not reversible; therefore, equation (7) leads to an implicit closed form for PO 2 . A simple expedient to find the O 2 partial pressure at the distal end of the capillary (P e ) is to solve the non-linear differential equation
where the time constant τ has to be chosen so as to exhaust the transient in a sufficiently fast way. The solution of equation (11) has to observe the limit P e P A , but when P e is close to P A the system becomes unstable and, because of numerical errors, P e may exceed P A . As a consequence, equation (11) is no longer valid. Therefore, when P e > P A , P e is carried again in the right domain by means of the relationship
where k is the inverse of a time constant and has to be chosen in order to carry P e to a value lower than P A as quickly as possible. Unlike equation (3), equation (11) can be easily used in a comprehensive simulator of the human respiratory system since the integration in the spatial coordinate u is not required.
Substituting the O 2 partial pressure at the proximal end (P v ) and at the distal end (P e ) of the pulmonary capillary in equation (1), the corresponding O 2 concentration can be computed. Then, the O 2 uptake (V O 2 ) obtained by integrating the left-hand side of equation (2) is equal toV
Simulation results in normal and pathological conditions
The mathematical model of the O 2 exchange through the alveolo-capillary membrane has been implemented in MATLAB © 5.3. In order to obtain the 'true' profile of O 2 partial pressure in the pulmonary capillaries, equation (5) has been integrated using a variable-step low-order method based on the Runge-Kutta algorithm (Matlab function Ode23.m). The same algorithm has been used to calculate the O 2 partial pressure value at the distal end of the capillary (equation (11)). In both cases, the relative error tolerance has been set equal to 10 −7
. The values of model parameters are shown in table 1.
Normal conditions
The mathematical model has been validated by comparing the capillary PO 2 profile, obtained with the proposed analytical approach ('new' PO 2 profile), with the profile determined by the numerical integration of equation (5) ('true' PO 2 profile), in normal conditions of pressure (P A = 100 mmHg and P v = 40 mmHg) and of diffusing capacity (D = 25 ml min
) (Wagner and West 1972) . Moreover, the 'new' PO 2 profile has been compared with the PO 2 profile determined by a continuous piecewise linear interpolation of the oxyhaemoglobin dissociation curve ('old' PO 2 profile) (Cooney 1976, Talbot and Gessner 1973) . In this and subsequent sections the Hill equation has been assumed as the real oxyhaemoglobin dissociation curve.
In the 'old' approach the oxyhaemoglobin dissociation curve was divided into three parts: 
Substituting the derivative of C in equation (3), the solution of the differential equation in the considered range of O 2 alveolar and capillary partial pressure becomes equal to
where α is the slope of the second line of equation (14). Figure 4 shows the capillary PO 2 profiles obtained with the three different approaches.
Pathological conditions
The 'new' approach has been tested in the presence of an increased alveolo-capillary resistance (i.e. a decrease in the diffusing capacity) with normal and low values of venous and alveolar PO 2 . First, normal values of PO 2 in alveoli and pulmonary capillaries have been used, while the diffusing capacity of the alveolo-capillary membrane has been assumed to be equal to 8.5 and 3 ml min −1 mmHg −1 , i.e. abnormal and grossly abnormal diffusing conditions, respectively (figure 5). Then, a state of low alveolar and venous PO 2 (P A = 70 mmHg and P v = 30 mmHg) has been considered and the 'new' and 'true' profiles have been compared in normal, abnormal and grossly abnormal diffusing conditions (figure 6). Afterwards, the 'new' approach is tested, considering the normal values of D and P v , and varying P A from normal to greatly reduced values (Wagner and West 1972) (figure 7) . Moreover, in all cases, the O 2 partial pressure at the distal end of the pulmonary capillary has been computed using the algorithm described in section 2. The difference between the pressure value, provided by equation (12) (P e new ), and the pressure value obtained by the numerical integration of equation (5) (P e true ) has been computed in order to quantify the error introduced by using the proposed analytical approach to find P e . The absolute value of this figure 8 (in this example τ and k are assumed to be equal to 0.2 s and 150, respectively). Moreover, the O 2 uptake obtained by substituting P e true and P e new in equation (13) Finally, the Hill equation has been replaced with the modified Hill equation in order to describe the Bohr effect. The PO 2 profile has been obtained by numerical integration in normal conditions of alveolar and venous PO 2 and of the diffusing capacity with two different values of PCO 2 (30 and 80 mmHg, respectively). Then these two profiles have been approximated using the proposed analytical approach and compared with the PO 2 profiles previously obtained in normal conditions (figure 9). 
Discussion
In normal conditions both the 'old' and the 'new' methods allow the right value of P e to be reached (figure 4); however, while the 'new' method (solid line) exactly reproduces the sigmoidal shape of the 'true' PO 2 profile in the capillary (dashed line), the method based on the piecewise linear interpolation of the oxyhaemoglobin dissociation curve exhibits a rather different exponential profile (dotted line). As a consequence the latter method cannot be used when the interest is in the PO 2 pattern. It is also emphasized that, under normal conditions, it is not necessary to implement the model to compute the P e value, since P e can be simply assumed to be equal to P A (see section 1).
In all simulations of pathological cases, in general, the last assumption is no longer valid and the proposed method allows calculation of how PO 2 changes in the pulmonary capillary. Moreover, when neglecting the Bohr effect, the new method does not require a high computational effort, since it is not necessary to compute the approximate function whenever the subject parameters (D, P A , . . . ) change. The approximation of the 'new' method remains very good in all examined situations (see figures 5-7) and the error in the resulting PO 2 value at the distal end of the pulmonary capillary is lower than 1.6% of the 'true' P e value (see table 2 ). As a consequence the O 2 uptake is estimated with an error lower than 3.7% ofV O 2 true as can be computed starting from data in table 2. This happens even when the end capillary PO 2 significantly differs from the alveolar partial pressure, as in the case of an abnormal decrease of the diffusing capacity combined with a decrease in venous and alveolar PO 2 (figure 6, case D = 8.5 ml min
) or in the presence of a grossly abnormal decrease of the diffusing capacity (figures 5 and 6, case D = 3 ml min −1 mmHg −1 ), e.g. caused by a thickening of the alveolo-capillary membrane. The difference between P e and P A clearly also appears in figure 8 , which shows the P e pattern obtained with the algorithm proposed in section 2. In fact, the algorithm converges to the P A value only for D = 25 ml min
, while for D = 8.5 and 3 ml min −1 mmHg −1 it reaches a lower value of pressure. The PO 2 profile is well reproduced also when considering the effect of changing PCO 2 , which is taken as constant along the capillary (see figure 9 ). In this case, however, the current implementation of the method requires that the polynomial coefficients of g app (P) ( p(i) and q(i)) are recalculated every time PCO 2 changes.
Another limitation of the present model is that it ignores the pulsatile nature of blood flow. Similarly, it makes no allowance for the effects of the uneven distribution of ventilation, perfusion and diffusing capacity throughout the lung. However, these limitations can be overcome by considering the alveolo-capillar unit to be subdivided into many different compartments, each described by a unicompartmental model, such as the one presented here. Finally, the O 2 dissolved in the blood is neglected. For very high PIO 2 this assumption may be unacceptable; however, the dissolved O 2 , described by the Henry law (West 1990) , can easily be included in the model by modifying equation (1) and then deriving the new expression for g app (P). The inclusion of these factors may be of importance in more close approximations of the complex real lung and therefore could be the object of future studies.
Conclusions
A mathematical model is described which considers the diffusion process involved in pulmonary O 2 exchange. The model considers a polynomial approximation of the oxyhaemoglobin dissociation curve in order to obtain a closed form solution of the first-order non-linear differential equation that describes the system. The results obtained demonstrate that the proposed method gives a useful and adequate analytical approximation of the PO 2 profile along the pulmonary capillaries in a large range of experimental conditions and provides a substantial improvement on previous approaches (Cooney 1976, Talbot and Gessner 1973) based on linear approximations of the oxyhaemoglobin dissociation curve.
Despite its limits, the proposed model can be used to obtain the PO 2 value at the end of the capillary under various conditions related to a thickening of the blood-gas barrier or to an unusual environment. Moreover, in all these situations, the O 2 uptake can be easily estimated starting from the computed PO 2 value at the distal end of the capillary. Finally, because of its simplicity, the model can be easily incorporated in more complex descriptions of the entire respiratory system. In fact, the 'new' approach has the advantage of yielding the end capillary PO 2 from the solution of an ordinary differential equation, instead of a partial differential one.
A.1. Polynomial approximation of g(P)
With reference to figure 2, the piecewise interpolation of g(P), namely g app , is equal to
where P 100 and P 200 are constant values equal to 100 and 200 mmHg, respectively, while p(i) and q(i) are polynomial coefficients. In particular p(i) and q(i) have been chosen to determine the best fit of g(P) assuring at the same time the continuity at the two points of junction, i.e. for P = P max and P = P 100 . First, the coefficients p(i) of the second polynomial (range P max P P 100 ) have been calculated using the MATLAB function polyfit.m. This function finds the coefficients of a polynomial of the chosen degree that fits the data in a least squares sense. Then the equality between g app2 (P 100 ) and g app3 (P 100 ) has been guaranteed by imposing
The remaining coefficients of g app3 (P) have been determined by means of an iterative algorithm based on the least squares method. Finally, g max has been assumed to be equal to p(4) in order to assure the continuity in P max . Analogous passages have been made in order to obtain the coefficients p(i), q(i) and g max , when using the modified Hill equation instead of the Hill equation to describe the oxyhaemoglobin dissociation curve. All the coefficients have been calculated considering three different values of PCO 2 : 30, 50 and 80 mmHg (Spencer et al 1979) .
A.2. Derivation of the expression of u(P)
For the sake of simplicity the three parts of the integral of equation (7) have been considered separately, named P i (i = 1, 2, 3), the initial condition of each integral. Moreover, P A has always been assumed to be greater than P v .
(1) Range: 0 P P max and 0 P 1 P max u 1 (P ) = g max D P P max
Substituting the integration variable with y = P − P A , the integral term of equation (A3) can be easily determined and the final solution of equation (A3) results in u 1 (P ) = − g max D P P max P − P 1 + P A ln P A − P P A − P 1 .
(2) Range: P max P P 100 and P max P 2 P 100 u 2 (P ) = 1 D P P P 2 p(4) + p(3)(P − P max ) + p(2)(P − P max ) 2 + p(1)(P − P max )
The integral term of equation (A5) can be divided into as many integrals as there are polynomial terms of the numerator and each integral can be solved in the same way as seen previously. The solution of equation (A5) 
(3) Range: P 100 P P 200 and P 100 P 3 P 200 u 3 (P ) = 1 D P P P 3 q(4) + q(3)(P − P 100 ) + q(2)(P − P 100 ) 2 + q(1)(P − P 100 )
The solution of equation (A12), obtained in same way as equation (A5), is
where the terms Bi are analogous to Ai, with q(i), P 100 and P 3 instead of p(i), P max and P 2 , respectively. The value of P 1 , P 2 and P 3 depends on the P v value:
if 0 P v P max then P 1 = P v , P 2 = P max and P 3 = P 100 ; if P max P v P 100 then u 1 (P) is not considered while P 2 = P v and P 3 = P 100 ; if P 100 P v P 200 then u 1 (P) and u 2 (P) are not considered while P 3 = P v .
